
Transient Modeling of a Catalytic Converter 
to Reduce Nitric Oxide in Automobile Exhaust 

Mathematical models m e  developed to study the catalytic reduction of 
nitric oxide contained in $utomobile exhaust in which the temperature, flow 
rate, and concentrations of various species vary widely with time. The 
quasi-static approximatio$ is compared to the fully dynamic model. In the 
quasi-static model all prQcesses are steady state except for the solid tem- 
perature and inlet condiGons. Suggestions are given for deciding a priori 
if the quasi-static model is appropriate. Suggestions are also given for 
integrating the quasi-sta6c equations in order to minimize errors compared 
to the dynamic model. The performance of three different catalysts is 
examined with the matyematical model, when the inlet conditions corre- 
spond to typical values +f temperature, flow rate, and concentration when 
the automobile is operated according to the Federal Test Procedure. 
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The exhaust gas from an automobile contains nitric 
oxide which must be reduced to nitrogen in order to meet 
Federal pollution standards. The problem is compIicated 
because the temperaturg, flow rate, and concentrations of 
different species vary in time over wide ranges. We 
develop transient ma*ematical models for a catalytic 
muffler applicable to this situation. The mathematical 
model is then used to examine the performance of three 
different catalysts. 

The inIet conditions correspond to those encountered 
when an automobile is operated in the Federal Test Pro- 
cedure. The automobili: begins cold, and as it operates 
the catalyst bed graduglly warms up. The one feature of 
interest is to compare aatalysts having different properties 
so that they warm up at different rates. Furthermore, as 
the automobile changes driving modes the exhaust prop- 
erties (or their time rates of change) may change dis- 
continuously. 

The mathematical npodels employ a mixing-cell model 
for the packed bed aqd consider the reduction of nitric 
oxide with two catalyFic reactions. The reaction rate of 
nitric oxide with carb+ monoxide is closely coupled with 
the reaction rate of qitric oxide with hydrogen because 
nitric oxide is reacted essentially completely inside the 
catalyst. Thus one new feature of this model is the in- 
ability to construct pl@ts of effectiveness factor vs. Thiele 
modulus a priori, due )to the coupling of the two reaction 

rates. Rather, the problem of diffusion and reaction inside 
the catalyst pellet must be solved at each time for each 
mixing cell, and the orthogonal collocation method is used 
to do this efficiently. 

Three models are developed. The main model employs 
the quasi-static approximation which recognizes that the 
time response of the system is governed by the thermal 
response of the packing. All other processes are assumed 
to occur so fast that they are essentially steady state. A 
dynamic model is also used to test the conditions under 
which the quasi-static model is inappropriate. In the 
dynamic model all processes are allowed to be transient. 
Due to the wide difference in time constants for the sys- 
tem, the dynamic model leads to stiff ordinary differential 
equations, which necessitate small integration time steps. 
The comparison of the two models is interesting because 
the quasi-static model is frequently used but seldom 
tested. An even simpler model results when, in the quasi- 
static model, the reaction rate expression is assumed with 
a pseudo first order reaction rate constant. 

The question of when it is possible to use the quasi- 
static model is an important one. Guidelines to help 
answer this question are obtained by summarizing avail- 
able literature. The guidelines are based on ratios of time 
constants for various heat and mass transfer phenomena, 
such as residence time in the reactor, transfer between 
the fluid and catalyst, and diffusion within the catalyst. 

CONCLUSION AND SIGNIFICANCE 
A quasi-static model was developed for the reduction 

of nitric oxide by darbon monoxide and hydrogen in 
automobile exhaust. For this situation the relevant trans- 
port processes are found to be the transient heat transfer 
across the film between the fluid and catalyst particle and 
internal diffusion inside the catalyst. Less important fac- 
tors are axial and radial dispersion, external diffusion, and 
the remaining transient effects. A quasi-static model was 
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found to be appropriate when the conditions listed in 
Table 1 apply. 

Calculations were made using the quasi-static model for 
three catalysts having different properties. The catalyst 
chosen for fastest warm-up achieves significantly better 
conversion of nitric oxide when the catalyst bed is warm- 
ing up, but a smaller conversion results when the catalyst 
bed is already hot. Due to the lower inlet nitric oxide con- 
centrations during the early times, the two catalysts per- 
form about equally over the entire time period. A catalyst 
having more internal diffusion resistance proved to be less 
suitable. 

Results of calculations made with the quasi-static model 
are comparable to the results obtained with the more 
complex dynamic model provided the following guide- 
lines are used for the time step in the numerical integra- 
tion: 

1. It  should be small enough that there are several time 
steps between discontinuities in the inlet conditions; 

2. It should be small enough that there are several time 
steps between a discontinuity in the inlet conditions and 
the time the solution is examined; 

3. The time period between successive discontinuities 

in the inlet conditions should be divided into an integral 
number of time steps. 

The simplest model gave results within 5% of those of 
the quasi-static model. For preliminary design the simple 
model is adequate and it is the fastest model. 

The dynamic model is very time-consuming due to the 
very different time constants of the transient processes. 
To solve the transient problem the improved Euler method 
was used and the resulting calculations took 40 times 
real time on a CDC 6400 computer. Although the dynamic 
model would seldom be used, if it were necessary the 
orthogonal collocation method is an efficient method to 
use. 

The orthogonal collocation method proved useful for 
the quasi-static model where two coupled effectiveness 
factor problems are solved for each mixing cell and at 
each time. Computation time was 1/7 of real time. 

These conclusions can be used in other situations with 
similar characteristics. The most important characteristic 
of this system is that there are only small temperature 
effects due to chemical reaction and the reaction rate is 
pseudo first order, with a time varying reaction rate con- 
stant. 

REVIEW OF LITERATURE 

Automobile exhaust contains various oxides of nitrogen 
which must be eliminated to meet future Federal pollution 
standards. Here we lump all oxides of nitrogen as nitric 
oxide since that is the predominant component. The nitric 
oxide would be reduced to nitrogen by reaction with either 
carbon monoxide or hydrogen. Since the automobile oper- 
ates at various speeds, the temperature and concentration 
of pollutants vary in time. Thus a catalytic converter to 
react the nitric oxides operates in a transient mode. A 
transient mode of particular interest is the Federal Test 
Procedure' [ U.S. Federal Register, 19701, since pollution 
standards are based on it. We present a mathematical 
model for a nitric oxide catalytic converter when the 
exhaust gases have time-varying properties typical of the 
Federal Test Procedure. The objective is to show which 
phenomena must be included in the mathematical model, 
with particular attention focused on the quasi static ap- 
proximation. Under this simplification all processes are 
steady state except for the solid temperature and inlet 
conditions. Suggestions are given for integrating the quasi- 
static equation in order to minimize errors compared to 
the dynamic model. 

Previous mathematical models for catalytic mufflers 
have concentrated on the oxidation of carbon monoxide 
and various hydrocarbons since the earliest pollution 
standards applied to those species. Kuo et al. (1971) 
developed a cell model for the oxidation of these species 
and applied it to transient exhaust which would be typical 
of an automobile operating in the Federal Test Procedure 
mode. Harned (1972) developed a plug flow model for 
the same situation and also illustrated how the steady state 
results depended on various parameters. In each of these 
models the reactions were coupled as follows. In Kuo et al. 
(1971) the hydrocarbons were divided into two groups- 

- Here we use an older testing mode because of the availability of 
data for it. See Huls (1973) for a summary of the changlng testing 
methods. 

faster and slower reacting groups. Combined with carbon 
monoxide there were thus three independent species. The 
rate of reaction of each of these was determined using an 
effectiveness factor plot for each reaction. Since the reac- 
tions are coupled by means of the concentration of oxygen, 
but oxygen is in great excess, it was possible to separate 
the reactions and assume that the effectiveness factor plot 
for one reaction was not influenced by the extent of the 
other reactions. Harned ( 1972) considered carbon monox- 
ide and propylene only and assumed that the conversion of 
propylene was the same as the conversion of carbon 
monoxide since both reactions light off at about the same 
temperature. Thus again the two reactions can be sepa- 
rated. In the application to nitric oxide reduction we use 
a cell model, following Kuo et al. (1971), due to the 
very short reactor length. Nitric oxide is reduced with 
both carbon monoxide and hydrogen, all of which are 
present in the exhaust. However, the species appearing 
in both reaction rates is now nitric oxide, which is reacted 
essentially to completion inside the catalyst. The effective- 
ness factor for the nitric oxide-hydrogen reaction depends 
on the extent of the nitric oxide-carbon monoxide reaction 
and vice versa. Thus the two effectiveness factor plots 
cannot be prepared a priori, and the actual rate of reac- 
tion must be computed in the model by solving for the 
diffusion and reaction in the catalyst. This greatly increases 
the computation time because two two-point boundary 
value problems must be solved for each mixing cell and 
at each time rather than two simple algebraic calculations. 
The orthogonal collocation method is shown to be an effi- 
cient means for tackling such problems. 

An important simplification results if one makes the 
quasi-static approximation. The usual approximation is to 
neglect the accumulation or hold up of mass in the catalyst 
particle and the accumulation or hold up of mass and 
energy in the voids of the beds. This is done by setting to 
zero ~ the appropriate time derivatives in the mass and 
energy balances. This was done by Kuo et a]. (1971) and 
Harned (1972) in their models for oxidation of carbon 

Page 540 May, 1974 AlChE Journal (Vol. 20, No. 3) 



monoxide in catalytic mwfflers. The justification for this 
is the same as discussed bklow for the nitric oxide reactor. 

Consider first the accumulation term in the energy bal- 
ance. The volumetric ratio oh heat capacities 

is the parameter determining if the accumulation term can 
be neglected in the energy balance. I t  is also the ratio of 
the velocity of theimal wave to fluid velocity (Crider and 
Foss, 1966). Tinkler and Lamb (1965) and Crider and 
Foss (1966) did not make this quasi-static approximation 
for homogeneous reactiobs in a liquid flowing past inert 
packings. Both papers coppared the dynamic calculations 
to experiments and found that the thermal capacity of 
both the solid and liquig were important parameters in 
the calculations. C, was 0.73 and 1.32, respectively. Vardi 
and Biller (1968) studied the transient thermal response 
of a packed bed simulating a catalytic muffler. They found 
calculations using the quasi-static approximations agreed 
with experiment for a case with C, = 0.004. Hoiberg 
et al. (1971) studied the dynamic behavior of a hydrogen- 
oxygen reactor and the qxperiments agreed with calcula- 
tions made using a quasi-static model. Here the thermal 
time constant was 1 s, and the residence time was 0.6 s, 
so that the time constants are too close to say one process 
is fast compared to the other. However, C, = 0.0013, so 
that they pioved with a C, this small the quasi-static as- 
sumptions are valid. Waede Hansen et al. (1971) present 
results of calculations using two models. One model is a 
fully dynamic model and the other neglects the accumula- 
tion terms in the particle mass balance and assumes that 
there is no temperature drop across the particle. In the 
second model the method of characteristics is used, mov- 
ing with the velocity of the thermal wave, rather than 
the fluid velocity, and one effect of this approximation is 
essentially to neglect the accumulation of mass in the 
fluid. The agreement between the two models depended 
on C,: for C, = 0.002 the two models agreed, so that 
the quasi-static model was appropriate, whereas when C, 
= 0.02 the two models did not agree so that the dynamic 
model was needed. The dynamic model required 60 times 
as much computation time. Thus we conclude that if C, 
is less than 0.002 the quasi-static model is appropriate, 
whereas if C, 5 0.02 the quasi-static model is definitely 
not appropriate. This result is summarized in Table 1. 

Next consider the accumulation of mass in the fluid. If 
we let 7 4  be the time coqstant for heat transfer between 
the fluid and catalyst (it is defined precisely below) and 
73 the residence time, then we propose that 7 4 / 7 3  be used 
to decide if the accumulation of mass can be neglected 
in the fluid mass balanca. Large values of this quantity 
indicate the flow through the reactor is fast compared to 
the time for temperature change of the catalyst bed. 

Sinai and Foss (1970) found good agreement between 
their calculations and experiments for the dynamic be- 
havior of a homogeneous reaction in a liquid flowing 
around an inert packing. since C, was 1.17 the accumula- 
tion terms were retained ib the energy balances. The ratio 
r4/73 was 0.09 and the aqcumulation terms were retained 
in the mass balances, tool. Waede Hansen et al. (1971) 
compared results from quasi-static and dynamic models 
and found the accumulatii3n terms needed to be retained 
when 74/73 was 0.7, whereas for a ratio of 7 the quasi- 
static model was appropr&te. Thus we take 7 4 / 7 3  > 7 as 
sufficient justification to neglect the accumulation of mass 
in the fluid. 

If 7 1  is the time constant for mass diffusion inside the 
catalyst particle, then we use the ratio 74/71 to determine 

TARLE 1. JUSTIFICATIOS FOR ASSUNPTIOSS IN 

QUASI-STATIC MODEL 

Criterion Assumption 
Typical 
values 

7 4  Neglect accumulation term in par- 50 
- -> I  
71 

74 Seglect accumulation term in fluid 500-5000 
- > 7  iiiass balance 
T3 

ticle inass balance 

cr < 0.002 Neglect accumulation term in fluid 0.0002 
energy balance 

Bi < 3.5 Lump particle energy balance 0.8 

if the accumulation terms can be neglected in the particle 
mass balance. McGreavy and Thornton (1970) have com- 
pared calculations which retained and neglected this term. 
'l'hey concluded that the mass hold-up in the catalyst par- 
ticle was negligible since in transients the concentration 
profile changes very rapidly to a pseudo steady state pro- 
file, which depends only on the instantaneous temperature 
profile. Waede Hansen et al. (1971) found that when 
this parameter was 1.3 the dynamic model agreed with 
the quasi-static model for predicting the transient tem- 
perature profile in the bed, but with a value of 0.13 the 
peak temperature predicted by the quasi-static model was 
considerably in error. McGreavy and Thornton (1971) 
found that the quasi-static model was appropriate when 
74/71 = 20, while Waede Hansen (1973) used the fast 
mode calculation scheme (implying the quasi-static model 
was not correct) when this parameter was 0.8. Thus, from 
the evidence to date, it appears that if 74/71 is greater than 
one the quasi-static model is appropriate. 

The consensus of the results is summarized in Table 1. 
They suggest that the quasi-static model is appropriate 
when the time constants are widely different, and C, is 
small, and this conclusion is supported by the results given 
below. It is also clear that there may be bizarre behavior 
[such as the transient particle calculations by Lee and 
Luss (1970) which gave rise to a limit cycle] which 
would make a quasi-static model inappropriate even 
though the time constants are widely different. 

A number of other publications have used the quasi- 
static approximation as an eminently reasonable assump- 
tion, but without testing it. Liu and Amundson (1962) 
made such assumptions in their transient model for a 
reactor with a steep thermal gradient. In  their case the 
various time constants gave 74/71 = 1100, T ~ / T ~  =140 and 
C ,  = 0.0008, which suggest that the quasi-static approxi- 
mation is valid. Many extensions of this work have made 
the same assumptions for the same reason: Liu et al. 
(1963) (nonadiabatic reactor), Vanderveen et al. ( 1968) 
(coupling of heat and mass transfer between adjacent 
cells), Ervin and Luss (1970) (effect of fouling), and 
Eigenberger ( 1972) (axial conduction in the solid, cata- 
lyst phase). Kardos and Stevens (1971) also made these 
assumptions for a system with T ~ / T ~  = 600, r4 /q  = 1000. 

There have been a few dynamic model calculations 
leaving in all the accumulation time-derivative terms: 
cell models-Batke et al. [1957], Deans and Lapidus 
(1960), C, = 0.7, McGuire and Lapidus (196S), C, = 
0.5; plug flow models-Feick and Quon (1970), C, = 
0.5, Waede Hansen et al. (1971), C, = 0.02, and Stewart 
and SIdrensen (1972), C, = 0.0002. Liu and Amundson 
(1963) neglected the accumulation terms for the fluid 
mass balance and fluid and particle energy balance. They 
included axial dispersion in the model, and when this is 
included the method of characteristics does not lead to a 
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simplification of the equations when the fluid accumula- 
tion terms are ignored. In  order to get around the problem 
of stiff equations resulting from the very different time 
constants, an implicit finite difference method was used. 
Thus, when axial dispersion is included, one might as 
well leave in the fluid accumulation terms and use an 
implicit method. Brian et al. (1965) kept the accumula- 
tion terms in the energy balances only in their simulation 
of an ammonia synthesis reactor, but they did not permit 
a heat transfer resistance between the fluid and p a r t i c l e  
that is, the fluid and particle were at the same tempera- 
ture. Turner (1967) devised a method of measuring the 
heat transfer coefficient and thermal conductivity of par- 
ticles. In the computed test cases all accumulation terms 
were retained even though the time constants gave 74/73 

= 1800, C, = 0.0006, and the time constant for heat 
transfer inside the particle was 3 times 74. These dynamic 
model calculations were done without comparison to ex- 
perimental results or other calculations so that the effect 
of possible simplifying assumptions cannot be assessed. 
Waede Hansen (1973) also made computational com- 
parisons of a quasi-static and fully dynamic model. His 
simulation employed a fast mode calculation (dynamic 
model) for short periods of time, while the rest of the 
calculation was done with a slow mode calculation (quasi- 
static model). For a reactor with r4/71 = 6.4, 74/73 = 0.8, 
and C, = 0.0005 the fast mode calculation was needed 
only a very small portion of the time. He did not compare 
to results neglecting the fast mode altogether. 

Several authors have obtained good comparison be- 
tween experimental results and transient calculations 
which retained all accumulation teims even though the 
time constants might suggest simpler models. Goss and 
Turner (1971) had C, = 0.0006 and the time constant 
for heat transfer to the particle was 700 times the residence 
time in their dynamic method of measuring the particle 
thermal conductivity. Vortmeyer and Jahnel ( 1972) 
modeled a reactor with no separate particle problem and 
retained the accumulation of mass in the fluid even though 
the time constant for heat transfer was 500 times that for 
mass transfer. Good agreement was obtained with experi- 
ment. Benham and Denny (1972) studied a single cata- 
lyst pellet and retained all the time derivatives when the 
Lewis number was about 500. These three studies, of 
course, do not indicate that the quasi-static model is in- 
appropriate-just that the fully dynamic model compares 
well with experiment. 

Another simplification that is often made in transient 
studies is to lump all the heat transfer resistance between 
the particle and fluid at the boundary between the cata- 
lyst and fluid. Steady state, plug flow reactor studies give 
guidance to the reasonableness of such a procedure since 
the only difference in the equations is a diffusion operator 
for a cylindrical domain (reactor) in place of a diffusion 
operator for a spherical domain (particle). Those studies, 
summarized by Finlayson (1971), show that a lumped 
parameter model is appropriate if the Biot number 
h, R/ke ,bed  is small (say less than 3) and a one-term 
orthogonal collocation solution gives a means for evaluat- 
ing an overall heat transfer coefficient. 

1 1  R 
-=- +- u h w  3 ke,bed 

For the transient particle problem, Vardi and Biller 
(1968) and Sinai and Foss (1970) give experimental 
evidence that such a lumping procedure is valid, appropri- 
ately extended to the proper geometry, for cases when 
Bi = = 3 and 1.3, respectively. McGreavy and 
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Thornton (1971) report calculations with and without 
the lumping for a case when Bi = 2.0. They find that 
the lumping is acceptable in that the model with the lump- 
ing predicts the same transient reactor performance as 
the model without the lumping. Waede Hansen (1971) 
reports computations for the particle problem only, using 
several models. The distributed parameter model used a 
Biot number = 12.5 and the results do not agree with 
those for the model which lumps the thermal resistance. 
In the lumped parameter model he used the heat transfer 
coefficient h rather than the combined, overall coefficient 
U ,  which for a spherical catalyst and a one-term colloca- 
tion solution is given by 

( 2 )  
1 1  R - =-+- 
U h 3.5 k, 

If these calculations are repeated using U in place of h 
in the lumped parameter model [M3 of Waede Hansen 
(1971)l  the effective Biot number is 3.5 BU(3.5  + B i ) ,  
and here is 2.734. The lumped parameter transient calcula- 
tions do not agree with the distributed model (M6 of 
Waede Hansen) so that lumping is not appropriate here. 
This may be due to the large Biot number (suggesting 
the primary thermal resistance is in the pellet) or due 
to the fact that with an effective Biot number of 2.734 
the solution exhibits a run-away condition that is not 
exhibited in the distributed parameter problem. Fortu- 
nately, neither condition applies to the nitric oxide con- 
verter below. McGuire and Lapidus (1965) compared 
two models, one lumping both concentration and tem- 
perature and the other neither. The two models gave very 
different transient behavior of the reactor for a case with 
Bi = 27, showing that the lumping is not feasible for such 
large values of Ui. Rearrangement of Equation ( 2 )  gives 

h Bi - = I + -  
U 3.5 

which gives a rough idea of how important the heat trans- 
fer processes inside the catalyst are. 

The above guidelines on the Biot number refer to chem- 
ical reactors. Elrod (1960) and Butterfield et al. (1967) 
have developed lumping techniques for heat transfer 
problems with small Biot numbers. However, Turner 
(1967) reports on a method to measure both h and k, 
by using a transient heat transfer experiment. He is able 
to deduce the value of k, for a case with Bi as small as 1, 
and a distributed parameter analysis is necessary to deduce 
k,. Handley and Heggs (1969) studied computationally 
a thermal regeneration problem when the bed is at a con- 
stant temperature and the inlet gas temperature is sud- 
denly increased to a new value. The breakthrough curve 
was calculated with two models-one neglecting particle 
effects and the other solving for the transient heat transfer 
in the particle as well as in the fluid. They find the two 
models agree within 1% over most of the breakthrough 
curve provided 

3 ( 1  - c ) L k ,  
A =  > 60 

Go CP RP2 
(3 )  

This parameter is the ratio of residence time to the time 
constant for heat transfer within the particle and does 
not even contain the heat transfer coefficient. Most of the 
chemical reactors discussed above have this parameter 
less than 60, in the range 2 to 10, suggesting the lumping 
procedure is not valid. However, the correct model may 
be very problem dependent. When there is chemical reac- 
tion the temperature increase in the particle is more 
affected by the chemical reaction, and if most of the 
temperature increase occurs across the film surrounding 

AlChE Journal (Vol, 20. No. 3) 



the particle (as happelbs for small Bi) then the lumped 
parameter model is appiiopriate. 

DEVELOPMENT OF MATHEMATICAL MODELS 

The most important part of the mathematical model is 
the reaction rate expression. Here we consider the two 
reactions 

1 
2 

1 

NO + GO + COz + - N2 

NO + Hz-+ HzO + ~ N z  

and ignore the formation of ammonia by the reaction 

5 
2 

NO + -Hz+ H2O + NH3 

The last reaction is important in applications since any 
ammonia formed would be oxidized back to nitric oxide 
in the carbon monoxide converter downstream. We have 
left it out because of the lack of reaction rate data. We 
used reaction rate expressions of the form 

k Kco KNO pco PNO 
(4) rl = 

[ 1 + R C O  PCO + K N O  p N O I 2  

for the first reaction, with a similar form for the second 
reaction with Kco 3 Kwz, pco + p ~ ~ .  Parameters were 
taken from data by Ayen and Ng (1966) for the carbon 
monoxide reaction on a catalyst of BaO, Cr203, and CuO 
and by Ayen and Peters (1962) for the hydrogen reac- 
tion on a catalyst of Zn03, Cr2O3, and CuO. These cata- 
lysts are different and neither is expected to be finally 
chosen by automobile manufacturers, but the rate expres- 
sions were used as typical examples and because data was 
available. See Shelef and Kummer (1971) for a summary 
of available information. Most other data in the literature 
is in the form of results of tests used to screen different 
catalysts. The data is thus often incomplete, covers a 
narrow range of parameters, or results from ill-defined 
conditions so that extracting reaction rate expressions is 
difficult at best. The rate data were obtained under condi- 
tions without diffusional limitation, but they are used 
here under other conditions involving a diffusional limita- 
tion. The effective diffusivity had to be estimated since 
the authors were unable to find experimental values for 
this reaction. The results given below should thus be 
viewed as representative or typical results rather than as 
predictions of specific behavior. 

The reactor studied below has a volume of 2800 em3, 
and is packed with 0.32-cm diam. spherical catalyst 
pellets. In order to maintain a low pressure drop, the 
cylindrical reactor is made with a large diameter and small 
length; the L / D  used here is 1/6. The importance of 
axial dispersion was investigated. Steady state calculations 
(Ferguson, 1971) indicated that the inclusion of axial dis- 
persion affected the conoentration profile slightly near the 
inlet but very little near the outlet. In addition the cri- 
terion developed by Young and Finlayson (1973) pre- 
dicted an error in reaction rate at the inlet of 0.2% if axial 
dispersion were left out of the steady state model. For 
the transient case, the moving reaction zone caused by 
axial conduction of heat through the particle is expected 
to be unimportant due to the small changes in temperature 
in the nitric oxide reactm compared to those found by 
Vortmeyer and Jahnel (1972). Consequently axial disper- 
sion is relatively unimpodtant here. The reactor is 14 par- 
ticle diameters long and is modeled by four mixing cells, 
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following Wei ( 1969). We found that the transient results 
do not depend on the number of mixing cells, presumably 
because axial dispersion is unimportant. The mixing cell 
model was used rather than a plug flow model in order 
to minimize the computation time. For each mixing cell 
and each time it was necessary to solve a problem oi reac- 
tion and diffusion of several species in a catalyst particle. 
Since this calculation is done thousands of times the cumu- 
lative effect is time-consuming. If a plug flow model had 
been used, each mixing cell would have been replaced by 
several axial positions, thus increasing the computation 
time. 

Dynamic Model 
The reactor is then modeled as a series of mixing cells. 

When comparing the dynamic model with the quasi-static 
model we considered the first of these mixing cells. The 
mass and energy balances on a catalyst particle and the 
mixing cell give the following dimensionless equations. 

(5 )  
aNOP 

at 
'1- = V2 (NOP) - C1 ( r l  + r 2 )  

dNOP 
- = O  at r = O  

ar 
aNOP - = C2 [NO - NOP] 

ar 
at  r = l  (7) 

aTP 
at 

72 - = V2 TP + C4 [ - AHlrl - AH,r2] (8) 

(9) 
aTP 

ar 
- = 0  at r = O  

- dTP = Bi [T - TP] 
ar 

at r = l  

dNO 
73 - = NOi, ( t )  - NO + C g  [NOP (1, t )  - NO] 

dt  
(11) 

dT 
T3-=Tin(t) - T + C g [ T P ( l , t )  - T ]  (12) 

dt 

The terms rl and rz are the reaction rates for the CO and 
H2 reaction, respectively, and are evaluated using the 
local concentrations and temperatures, NOP ( r ,  t )  , 
TP ( r ,  t )  . The time constants for diffusion within the parti- 
cle, heat transfer within the particle, and the bed residence 
time are 

71 = & ~ ' / ( D ~ , N o ) ,  72 = ( & p ) $ p 2 / k e  (13) 

73 = eV/F  (14) 
Equation (5)  is a mass balance of NO within the cata- 

lyst. Equation (7)  is the boundary condition relating the 
flux within the catalyst to the rate of transfer of NO 
through the film resistance at the boundary of the catalyst. 
The parameter Cz is then a Biot number for mass transfer 
and depends on the mass transfer coefficient (see Nota- 
tion). Similar equations are written for carbon monoxide 
and hydrogen concentrations; the effective diffusivities of 
carbon monoxide and nitric oxide are assumed to be the 
same since predictions gave a very small difference; the 
effective diffusivity of hydrogen is different, however, and 
that equation has the diffusion operator multiplied by Cg 
= De,~2/De,N0, and the boundary conditions used Clo 
instead of C2, which is a Biot number for mass transfer 
based on coefficients for hydrogen. Equation (8) repre- 
sents the energy balance within the particle with a bound- 
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ary condition involving the heat transfer coefficient con- 
tained in Bi, the Biot number. Equations (11) and (12) 
are the nitric oxide and energy balance in the mixing cell, 
with the first terms on the right-hand sides representing 
the difference between the inlet and outlet values, and 
the last term representing the removal of nitric oxide, or 
energy transfer, by transfer to the catalyst particles. The 
parameters Cs and CG then include the effects of flow rate 
and the amount of catalyst in one mixing cell. Similar 
equations can be written for carbon monoxide and hydro- 
gen with the parameter C5 changed to C1l to allow for 
different properties of hydrogen. 

In all three models physical properties were permitted 
to vary with the inlet conditions. Thus as the inlet tem- 
perature changed, the viscosity and diffusivities of the 
gas changed. This changes the effective diffusivities in the 
catalyst as well as other properties. As the flow rate 
changed, so did the Reynold’s number, and hence the heat 
and mass transfer coefficients, which were calculated 
using the correlations of Thoenes and Kramers (1958). 
It was necessary to take these variations into account since 
the inlet temperature varied from 220°F during the cold 
start to almost 1000°F during the final cycles of the 
Federal Test Procedure. 

There are two independent reactions but three chemical 
species. For the dynamic model when the accumulation 
terms are retained in the mass balances and the effective 
diffusivities of the different species are different it is not 
possible to relate the hydrogen concentiation to the carbon 
monoxide and nitric oxide concentrations. This results 
from the fact that mass of any species may accumulate 
in the reactor voids and in the particles themselves, and 
where it actually accumulates depends on the parameters, 
such as effective diffusivity, which are different for differ- 
ent species. In the quasi-static model such a combination 
is possible. 

The Equations (5)  to (12) were solved using the 
orthogonal collocation method to reduce them to a set of 
ordinary differential equations (see Ferguson and Finlay- 
son, 1970). A typical result is 

d NOP. N f l  
T1 - = c BjiNOPi - C1 (rlj + rzj )  i = 1, . . . , N 

dt i = l  

dNO 
T g - = N O i n ( t )  - N O + C ~ ( N O P N + ~ - N O )  (17) 

d t  

rlj = reaction rate rl evaluated using NOPj, TPj, etc. 
Equations (15) and (16) are combined to give 

Equations ( 17) and ( 18),  together with similar equations 
for temperature and the other species, are then integrated 
numerically using the improved Euler method. In other 
computations, this scheme was found to be faster than 
the Runge-Kutta method. Due to the different time con- 
stants the equations are stiff, and a fully implicit method 
might give even better results. Due to the computer time 
limitations the dynamic calculations were carried out for 
only a small time interval ( %  to 1 see. real time) during 
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times in the Federal Test Procedure when the most rapid 
changes occur. 

Quasi-Static Model 
The time response of Equations ( 5 )  to (12) is governed 

by the relative magnitude of 71,  72, and 73. Typical values 
are 71 = 0.27 s, 72 = 21 s, 73 = 2.7 x 10-3s. Since F/V 
is the space velocity, E / T ~  is also the space velocity, which 
here is 130 s- l  (470,000 hr.-l) for the first cell, or 39,000 
hr.-I for the reactor. Of course F varies by an order of 
magnitude during the simulation. 

From the review of previous work we know that the 
slowest time response is the heat transfer to the catalyst, 
with a time constant 

A typical value of this quantity is 12 see. 
For the nitric oxide reactor, then 74/71 = 50, 74/73 = 

500-5000, and C, = 0.0002. Thus the conditions listed in 
Table 1 for the quasi-static model are satisfied. 

The Biot number for the catalyst particle in the NO 
reactor is typically 0.8, and this is small enough that the 
lumping procedure is valid provided an overall heat trans- 
fer coefficient is used as in Equation ( 2 ) .  

We obtain the quasi-static model by setting T~ = 73 = 0 
in Equations ( 5 ) ,  ( l l ) ,  and (12) ,  integrating Equation 
(8) from r = 0 to T = 1, applying the boundary condition 
( l o ) ,  and using the fact that the temperature profile inside 
the catalyst is uniform. 

(20) 0 = V2 (NOP‘) - C1 (rl’ + r2’) 

dNOP‘ 
- = C z ( N O - N O P ’ )  at r = l  (21) 

dr 

[ - hH1 <r’> - AH <rz’>] +- (22) R P P S  

h 

0 = NO,, ( t )  - NO’ + C5 [NOT (1, t )  - NO’] (23) 

O = T i , ( t )  - T ’ + C g [ T P ’ - y ]  (24) 

The primed variables refer to the quasi-static model and 
the brackets < > mean that the term is averaged over 
the spherical catalyst particle, that is, 

1 
<rl> = rl r2dr 

where the reaction rate varies with radius and time be- 
cause of its dependence on concentration and temperature. 

Similar particle mass balances are written for carbon 
monoxide and hydrogen. There are two independent reac- 
tions, and one might solve Equation (20) and (21) by 
constructing effectiveness factor plots to be used in the 
transient calculations. However, the two reactions are 
strongly coupled through the NO concentration. Thus the 
Hz reaction with NO depends not just on the parameters 
for that reaction, but also on the CO reaction. Thus it 
would not be possible to construct one effectiveness factor 
plot for the Hz reaction and one for the CO reaction since 
the reactions interact in the catalyst pellet through the 
concentration profile of S O .  This means the particle prob- 
lem, Equations (20) to (21),  must be solved at  each t 
along with Equation (22) and hence solved thousands of 
times. The efficiency of the orthogonal collocation method 
is especially welcome. The equations are solved after Some 
rearrangement. Equation (24) can be solved for 2” to give 
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Tin ( t )  + Ce Tp’ 
1 + Ce 

T’ = I 

and this put into Equabion ( 2 2 )  gives 

%P. 
h 

+ - [ - AH1 <r(> - AH, < r / > ]  (26) 

A similar manipulation of the nitric oxide balances gives 

N O i p  ( t )  + C5 NOP’ (1, t )  
N O  = (27) 

1 + c5 
and 

BNOP’ Cz 
[ N o i n  ( t )  - NOP’ (1, t ) ]  at r = 1 - --- 

dr  1 + cs 
(28) 

We have found in qther calculations, however, (Fer- 
guson, 1971), that thd best approximation of the flux 
comes not from the baundary condition (28) but from 
integrating Equation (20)  to get 

Thus the boundary condition becomes 

Cz [NO’ - NOP’ (1, t ) ]  = C1 ( <rl’> + <rz’>) 

and the cell mass balance becomes 

NO’ = NOin ( t )  - 3C8 ( <rl’> + < r / > )  (29) 

The orthogonal collocation formulation of the Equations 
(20) and (21) is 

N + l  

0 = 2 BIi NOP( - C1 ( r l j  + r2j) j = 1, . . . , N (30) 
i = l  

N + l  

C A N + ~ , ~ N O P { =  Cz ( N O  - NOP’N+~)  
i = l  

(31) 

N + l  

<rl> = 2 Wirli, WN+i = o (32) 
i = I  

Equation (31) can be solved for NOZ”N+~, this is substi- 
tuted into Equation (30) and Equation (29) is used to 
give 

N 

- 3 ~ s  2 wi (rlC + r z o ]  (33) 

The equations to solve in the quasi-static model are 
then (26) and (33), with equations similar to (33) for 
both carbon monoxide and hydrogen. These are solved 
as follows. A temperature at a given time is known. This 
temperature is used in Equation (33) to find the con- 
centration profile in the catalyst. The average reaction 
rates corresponding to thqt profile are used in Equation 
( 2 6 )  to find the temperature at the next time step. The 
improved Euler method was used so that this procedure 
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I = 1  

was followed twice for each time step. The cell concentra- 
tions and temperatures were calculated using Equations 
(29) and (25).  The method used to solve Equation (33) 
was a Newton-Raphson method with the reaction rate 
expression assumed (for purposes of iteration only) to be 
first order in NOP,’. The corresponding equations for CO 
and Hz were solved using a successive substitution 
method: the nonlinear reaction rate is evaluated with the 
previous iteration, linear equations are solved to get the 
new guess, and the process is repeated until successive 
iterations agree to within some prescribed tolerance. 

For the quasi-static model the hydrogen concentration 
can be eliminated from the equations by stoichiometry. 
When the hydrogen properties differ from those of the 
other species, however, it is simpler to just retain the 
separate hydrogen balance. This was done for the com- 
parison of dynamic and quasi-static models. When the 
quasi-static model was employed with the Federal Test 
Procedure the diffusivities of all components were taken 
as the same* and ‘the hydrogen concentration was derived 
from 

Hz’ = Hzin - ( N O i n  - NO’) + (Coin - C O )  

H2P’(r) = H/ + (NOP’(r) - N O )  - (COP‘(r) - CO’) 
Simple Model 

A third model is obtained by simplification of the quasi- 
static model. Under typical automobile operating condi- 
tions the CO concentration is much larger than the NO 
concentration. In the reaction rate expression, Equation 
(4 ) ,  the term KNopNo in the denominator is negligible 
compared to the other terms. Thus Equation (4)  can be 
modeled as a first-order reaction. In the quasi-static model 
the temperature is constant throughout the catalyst, with 
a temperature change at the boundary. Thus the problem 
of diffusion and reaction in the catalyst reduces to a first- 
order, isothermal reaction. The effectiveness factor is 
known, and concentrations out of the mixing cell can be 
calculated analytically. Using these simplifications we ob- 
tain what we call the simple model. 

The reaction rate term, Equation (4) ,  is written as r1 
= RINO and a similar expression is used for the H2 
reaction, rz = R2NO’. The effectiveness factor for a first- 
order isothermal reaction is given by 

3 +coth+ - 1 
+’ +coth$ - 1 

CZ 

7 ) = -  (34) 
+ 1  

where @ = Cl(R1 + R2) Rpz/De,NO. The equations to 
solve are then (25) , ( 2 6 ) ,  (29) with 

<r(> = ’1 R1 NO, <rz’> = 9 RZ NO 

and Equation (34) for 7. This model differs from the 
quasi-static model in having a direct calculation for 7, as 
opposed to solving two boundary value problems as in 
Equation (33). Thus it is expected to be much faster since 
the reduction in computer time applies at each time step. 
The improved Euler method was used here, too. 

RESULTS 

Comparison of Dynamic and Quasi-Static Models 

To compare the dynamic model with the quasi-static 
model we picked a portion of the Federal Test Procedure 

This is not a good assumption ( D ~ . H , / D ~ , s o  = 3.5) but has only 
a small effect on the results since the hydrogen reaction is only of im- 
portance at the highest temperatures encountered. 
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Fig. 1. Inlet conditions for nitric oxide and carbon monoxide. 

during which the NO and CO concentrations were chang- 
ing rapidly. The portion chosen roughly simulates the 
time beginning at 20 sec. and continuing for 20 sec. more 
in the third cycle. The NO and CO inlet concentrations 
are shown in Figure 1. The flow rate was constant at 130 
m3/hr. (76.8 std.cu.ft./min.) until t = 15 sec., when it 
was reduced to 83.6 m3/hr. (49.2 std.cu.ft./min. The tem- 
perature was 479°C from t = 0 to t = 10, changed to 
521°C until t = 15 , when it dropped to 491°C. The 
sharp changes at t = 15 provide a rigorous test of the 
quasi-static model. The integration was begun at t = 14.7 
and continued until about t = 15.5. The initial conditions 
corresponded to the catalyst being at the inlet tempera- 
ture and concentrations for t = 0. Thus the first transient 
is basically the response to a step change, while the 
transient at t = 15 arises from rapid changes in inlet 
conditions.* 

The concentrations of NO in each catalyst particle in 
the first mixing cell are shown in Figure 2 for t = 14.71. 
The dynamic and static particle concentration profiles are 
almost identical. The profiles are almost the same for 
N = 3 as for N = 6 although the error in the flux (the 
slope of the curve at r = 1) gives rise to a 4% error in 
the NO concentration coming out of the mixing cell. This 
error persists as time proceeds but is not serious so that 
N = 3 is adequate. 

The effect of the step change is more dramatic in the 
CO particle concentration as shown in Figure 3. The initial 
CO concentration is very low compared to the steady 
state value, and the transient is important during this 
first 0.01 sec. The quasi-static model overestimates the CO 
particle concentration by 500%. However, the error in 
CO concentration out of the mixing cell is only 8% and 
this decreases rapidly to vZ% by t = 14.77 as shown in 
Figure 4. This result suggests that if one is interested in 
the solution at one time, say t = 14.77 sec., it is feasible 
to use the quasi-static model with a time step small enough 
(0.01) so that several quasi-static calculations are made 
between the time of the discontinuity (14.70) and the 
time of interest ( 14.77). However, the quasi-static model 
cannot be used if one is interested in the solution too 
close to the discontinuity. For example, the quasi-static 
model with At = 0.0004 gives essentially the same results 

O When comparing the dynamic and quasi-static models, the size of 
the mixing cell was inadvertently taken as 1/12 the volume of the 
whole reactor. For the calculations corresponding to the Federal Test 
Procedure, the mixing-cell volume was % the volume of the whole 
reactor. 

(CO particle concentration off by 500%) at t = 14.71 as 
does the quasi-static model with At = 0.01. This is rea- 
sonable when one recalls the time constants for the phe- 
nomena neglected in the quasi-static model: mass diffu- 
sion in c a t a l y s t l l  = 0.27 sec., heat transfer within the 
catalystyz = 21 see. 

The particle NO concentrations are shown in Figure 5 
for t = 15.01, just after the large change in flow rate and 
the change from increasing to decreasing concentrations 
of CO and NO. Here the quasi-static and dynamic cell 
concentrations differ by 17%, but this difference is re- 
duced to 0.02% by the next time step and for subsequent 
times. If the quasi-static model uses a larger At (0.4 in- 
stead of 0.01), with the time steps being at 14.7 and 15.1 
(that is, crossing over the rapid changes) then the error 
at 15.1 is l6%, and this is reduced to essentially 0% at 
15.5. This suggests that as the discontinuities and changes 

0.8 

A 
I:" 

?' 

3 
radius 

Fig. 2. Nitric oxide concentrations in catalyst pellet at  t = 14.71: 
Quasi-static model-A N = 3, A N = 6, A t  = 0.01. Dynamic 
model: N = 3, 0 N = 6, A t  = 4x10-4 and 5x10-5; co = 

1.6061 x 10-5kg.moles/m3. 

0 
0.2 0.4 0.6 0.8 1.0 

radius 
Fig. 3. Carbon monoxide concentrations in catalyst pellet at  t = 
14.71. co = 5.2352 x 10-4 kg.moles/m3, other values same as for 

Figure 2. 
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resulting in computation times 15 times as long. Even for 
N = 3, the dynamic calculations took 40 times real time 
(on a CDC 6400 computer), which is too slow to pennit 
the use of the dynamic model over the entire test pro- 
cedure of 979 s e ~ .  Use of an implicit integration scheme 
might reduce this computation time considerably since the 
limitation arises from stability of the calculations. 

For the quasi-static model to be valid, the time steps 
must be taken small enough that several time steps are 
permitted between points of discontinuity in the inlet con- 
ditions. In addition several time steps must be allowed 
between the time of discontinuity and the time one is 
interested in the solution, since the quasi-static model 
gives poor results the first few time steps after a discon- 
tinuity. Thus the time step in the quasi-static model is 
limited by the accuracy desired, whereas the time step in 
the dynamic model was limited by stability, when using 
an explicit, predictor-colrector method of integration. 
Comparison of Quasi-Static and Simple Madd 

The simple model is compared to the quasi-static model 
in Figure 6. The difference in the models is that the quasi- 
static model solves a set of three coupled boundary value 
problems twice for each time step, and in the simple model 
we simply calculate the effectiveness factor twice for 
each time ste . Figure 6 shows that the two models com- 

ing cell in the reactor is expected to add an additional 
am- so that the total error could be as high as 10%. This 
comparison must be qualified by the realization that the 
conditions used to compute Figure 6 resulted in very little 
reaction between H2 and NO. Thus the coupled nature of 
the reaction rates has not been tested. 

Which model to use-dynamic, quasi-static or simple- 
depends on a trade-off between accuracy and computation 
time. The computer times are listed in Table 2. Clearly 
the dynamic model is too lengthy to use for the full 
Federal Test Cycle of 979 sec. The quasi-static model can 
be used with a large step size. The simple model is the 
fastest with only a small error. For most purposes the 
simple model would be the best choice. For the Federal 
Test Procedure calculations reported below we used the 
quasi-static model rather than the simple model for three 
reasons: ( 1 )  to examine the nonlinearity of the model, (2) 
the computation times were reasonable, and (3)  to illus- 
trate the application of the orthogonal collocation method 
in this situation. 
Calculations for the Federal Test Pracedure 

The quasi-static model was used for the full seven cycles 
simulating the Federal Test Procedure. Four mixing cells 

pare favorab P y (within 5 % )  for a single cell. Each mix- 

2 5, I 

I , I I 

0 2 4 6 8 10 12 14 16 18 20 
TIME (sec) 

Fig. 6. Comparison of quasi-static and simple model, At = 0.5 sec. 
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were used and typical inlet gas temperatures and inlet 
NO concentrations are shown in Figures 7 and 8. The 
inlet temperature and volumetric flow rate are from Kuo 
et al. (1971), and the concentration of NO and CO are 
from Bernstein et al. (1971). Complete data on inlet con- 
ditions are available elsewhere (Ferguson, 1971). The 
time step in the integration varied from 1 to 4 sec. The 
flow rate is a discontinuous function of time and the time 
rates of change of temperature and concentration are dis- 
continuous functions of time, too. We found it important 
to divide the time interval between successive discontinui- 
ties into an integral number of time steps if accuracy was 
to be preserved in the integration. Thus a variable time 
step was essential. 

We consider three sets of parameter values, correspond- 
ing to different catalyst properties, as listed in Table 3. 
The thermal inertia of Case A is about one third that of 
Case B. In Case A the solid heats up more rapidly and 
hence the reaction rate is faster in the first cycle. When 

2ooo* 

01 I I I I I 

- 2 0  0 20 40 60 80 I00 120 137 

TIME (sec) 
110. 7. Inlet nitric oxide concentration during one cycle of Federal 

Test Procedure. 

cycle1 I I 2 I 3  I 4  I 5  

TIME (secl 
Fig. 6. G a s  and solid temperatures vs. time (- inlet to first 
mixing cell, - * - exit from second mixing cell, x solid tem- 

perature in second mixing cell). 
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TABLE 2. COMPUTER TIMES FOR DIFFERENT 'MODELS 

Dynamic model 
N = 6, A t  = 5 X 10-5 
N = 3, A t  = 4 X lop4 

Quasi-static model, N = 3 
A t  = 4 X lop4 
A t  = 0.01 
A t  = 0.5 

Simple model 
A t  = 0.5 

* CPU time on CDC 6400. 

TABLE 3. CATALYST PROPERTIES 

Case A 
(fast thermal Case B 

response) (base case) 

De,No(m2/s) 6 X 10-6 1.7 X 

pS ( kg/ms ) 680 1300 
Cps(  J/kg"K) 750 1100 

Ratio of 
computer time' 

to real time 

700 
41 

100 
6 
0.14 

0.02 

Case C 
(diffusion 
limited ) 

0.1 x 10-8 
1100 
1300 

TIME (sec) 
Fig. 9. Nitric oxide concentration vs. time (- inlet to reactor, A 
outlet from fourth mixing cell, Cycle 1, 0 outlet from fourth mix- 

ing cell, Cycle 7). 

reactor is heated up, Case B would produce better con- 
version because of the greater amount of catalyst. Case 
C, in which the diffusivity approximates that of a micro- 
porous catalyst (rather than a macro-porous catalyst) 
should take as long to heat up as Case B but have lower 
conversions due to the increased mass transfer resistance. 

For Case B the concentration of NO in the inlet and 
outlet of the reactor is shown in Figure 9. The conversion 
during the first cycle is quite poor because the bed is 
not yet hot enough but during the seventh cycle the con- 
version is very good. During the first cycle the engine 
is ofiten choked and the NO concentrations are low. We 
used the same NO concentrations for all cycles due to 
the lack of data as a function of time during the &st 
cycle. Thus the problem of warm-up would not be as 
severe as indicated in Figure 9. 

The three different catalysts are compared in Table 4. 
As expected the conversion is best during the first cycle 
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TABLE 4. CONVERSION WHEN USING DIFFERENT CATALYSTS 

Conversion, 9% 
Case A Case B Case C 

First cycle 46 26 16 
Seventh cycle 82 85 73 

TABLE 5. INLET GAS PROPERTIES 

Case D Case B Case E 

VO, ppm 450 850 2900 
VO, approx. g/mile 1.6 3.0 10 
20, % 4.3 1.5 1.3 

TABLE 6. CONVERSIONS FOR DIFFERENT INLET CONDITIONS 

Conversion, % 
Case D Case B Case E 

Cycle 1 
Cycle 7 

12 26 22 
89 85 82 

for Case A, whereas the conversion is best during the 
seventh cycle for Case B. The decreased conversion of 
Case C is also apparent. From the data in Table 4 it is 
not clear which catalyst i s  best overall, Case A or B. Case 
A has a much higher conversion during the first cycle, 
but as noted above the NO concentration is usually de- 
creased when the automobile is choked at the beginning 
of the first cycle. The reduced conversion of Case A dur- 
ing the seventh cycle is expected to be similar to the per- 
formance during the thind through seventh cycle, so that 
even though the conver$ion difference between Cases A 
and B is very small in the seventh cycle, the difference 
applies over a much longer time period than the results 
for the first cycle. To further differentiate between Cases 
A and B mure detailed data would have to be available 
concerning the NO concentration in different cycles. In 
any case the difference is slight, despite the large change 
in properties of the catalyst. 

We next examine the effect of different levels of NO 
and CO concentrations. The cases studies are listed in 
Table 5. The shape of the NO and CO inlet concentra- 
tion curve vs. time was shifted up or down to achieve the 
averaged concentrations shown. The conversions ob- 
tained are listed in Table 6. The fact that the conversions 
change with concentration is an indication of the im- 
portance of the nonlinearity of the problem. 
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NOTATION 

A 
Aji 

= 373/ ( QC,.), Equation ( 3 ) ,  dimensionless 
= matrix arising in collocation method, representing 

the first derivative 

*Note that the average is not just the integral under the curve, Fig- 
ure 9, since the volumetric flow rate also vanes in time. 

Bi = hRp/ke, dimensionless Biot number 
Bji = matrix arising in collocation method, representing 

CO = carbon monoxide concentration in mixing cell, 

COP = carbon monoxide concentration in catalyst, kg 

C p  = heat capacity, J/(kg "C) 
C, = heat capacity ratio, Equation (l), dimensionless 

C1 = psRpz/De,NO, kg cat s/m3 
cz = km,NO Rp/De,~o, dimensionless 

C5 
c6 

CS 
CS = D e , ~ 2 / V e , ~ 0 ,  dimensionless 
Clo = km,HZ Rp/D,*Hz, dimensionless 
c11 = C5krn,~z/km,~o, dimensionless 

D = diameter of cylindrical catalyst bed, m 
D,i = effective dift'usivity of ith species inside catalyst 
dp = diameter of catalyst, m 
F = gas flow rate, m3/s 
Go = mass flux based on cross sectional area of empty 

h = heat transfer coefficient to sphere, J/s m3 "C 
h, = heat transfer coefficient to reactor wall, J/ 

--Hi = heat of reaction i, J/kg mole 
Hz = hydrogen concentration in mixing cell, kg m o l d  

H2P = hydrogen concentration in catalyst, kg moles/m3 
k = reaction rate constant, kg mole/ ( s  kg catalyst) 
Ki = reaction rate constant, atm-' 
k, = effective thermal conductivity in catalyst, J /  

ke,bed = effective thermal conductivity in packed bed, J /  

km,i = mass transfer coefficient for ith species, m/s 
L = length of cylindrical catalyst bed, m 
Le = D e , ~ 0  ( pCq) Jk,, Lewis number 
N = number ok interior collocation points 
NO = nitric oxide concentration in mixing cell, kg 

NOP = nitric oxide concentration in catalyst, kg mole/m3 
pi 
r 
rl  
r2 
R = reactor radius, m 
R, 
R1 

Rz 

t = time, s 
TP 
T 

b 
V 
Wi 

the Laplacian operator 

kg moledm3 

mole/m3 

a h  cr = 74(/16/73 

C4 = Ri'pp,/ke, kg s "C/J 
= 6 km,NO (1 - e )  V / ( F d p ) ,  dimensionless 
= 6 h (1 - e )  V/(F& pfCpf), dimensionless 
= C1C5/(3C2) = ps  (1  - e )  V/F, kg s/m3 

CIZ = ~ s & / ( 6 h ) ,  kg s "UJ 

tube, kg/mZ s 

s m z  "C 

m3 

s m  "C 

s m  "C 

moles/m3 

= partial pressure of ith species, atm 
= radial position in catalyst, dimensionless 
= rate of reaction with CO, kg moles/ ( s  kg catalyst) 
= rate of reaction with H2, kg moles/ ( s  kg catalyst) 

= catalyst particle radium, cm 
= pseudo first order reaction rate constant for CO 

= pseudo first order reaction rate constant for H2 
reaction, s-1 

reaction, s-l 

= temperature in catalyst pellet, "C 
= temperature in mixing cell, "C 
= dummy variable in Equation (18) 
= overall heat transfer coefficient, Equation (2 ) ,  

= volume of mixing cell, 236 cm3 
= vector arising in collocation method, quadrature 

J/m2 s "C 

weighting function 

Greek Letters 
e 

es 

7) 

= void fraction in reactor 
= void fraction inside catalyst 
= effectiveness factor, defined by Equation (34) 
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4 
p = density, g/cm3 
ps = density of catalyst, kg cat/m3 vol. (including 

71 = time constant for mass transfer inside catalyst, 

7 2  = time constant for heat transfer inside catalyst, 

7 3  = residence time in mixing cell, Equation (14) ,  s 
74 = time constant lor heat transfer to catalyst, Equa-  

= Thiele modulus, [C1(R1 + R2)] H 

voids in catalyst) 

Equation (13) ,  s 

Equation (13) ,  s 

tion (19), s 
Superscripts 
I = quasi-static model 

= inlet value to mixing cell 
= value a t  ith collocation point 
= value a t  jth collocation point 

Subscripts 

in  
i 
j 
s = solid 
f = fluid 
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